The effective amplitudes for gluon momenta p ≪ gT in hot QCD exhibit damping as a result of collisions. The whole set of n-point amplitudes is shown to be generated from one functional K µν (X, Y ; A), in addition to the induced current j µ (X; A).
The ultrasoft amplitudes are the effective amplitudes that are obtained in pure gauge theory at high temperature, when one integrates out the scales (T ) −1 and (gT ) −1 [1, 2, 3] . The colour collective excitations, which describe the physics at such a large wavelength, may be created by a weak external disturbance. The ultrasoft fields obey the Maxwell equations [2] D ν F µν (X) = j ext µ (X) + j ind µ (X) (1) where the induced current is the response of the plasma to the initial perturbation j ext µ (X).
with v µ (v 0 = 1, v), (v 2 = 1) and v = dΩ v /4π ; m 2 D = g 2 NT 2 /3 andĈ is a collision term [1, 2, 3] 
C is a symmetric operator in v space, local in X and blind to colour, with positive eigenvalues except for a zero mode
The gluons p ∼ T take part in the collective motion, the gluons p ∼ gT are exchanged in the collision process. The solution to Eqs.(2)(3) may be written in terms of the retarded Green function
and, with Eq.(5), one obtains [4, 5] 
The (one-particle-irreducible) n-point retarded ultrasoft amplitudes are derived from the induced current [2, 4] g n−2 G ret (X;
The identity [4, 5] ∂G
shows that the effective ultrasoft amplitudes have a tree-like structure, as the addition of a gluon leg amounts to the insertion of the leg along the propagator (in Eq.(10), the time arguments satisfy X 0 ≥ X 0 1 ≥ Y 0 and T c is in the adjoint representation). After differentiation, the Green function that enters the amplitudes is G ret (X, Y ; A = 0; v, v ′ ), i.e. in momentum space
The amplitudes exhibit damping (i.e. colour relaxation), as a result of collisions.Ĉ introduces the scale g 2 T ln 1/g [1, 2, 3] . This damping is compatible with gauge symmetry, because the operatorĈ is local in X, blind to color, and has the property (5). These amplitudes obey tree-like Ward identities [5] .
The retarded amplitudes (9) are only a subset of the n-point amplitudes, as X 0 is the later time. The purpose of this letter is to show that the whole set of n-point amplitudes may be generated if one introduces the functional
Because of damping, the effective theory has a time arrow. Among the possible real-time formalisms for field theory in thermal equilibrium [6, 7, 8] , this feature selects the Retarded-Advanced basis (R/A), where, because of causality, the propagator keeps its two-component
The retarded n-point functions are, in fact, common to two bases, the R/A basis and the Keldysh basis, where they correspond to one Keldysh index "2" and the other indices "1". There exists a Bogoliubov transformation between the two bases [9] . The ultrasoft amplitudes are such that K µν (X, Y ; A), defined in Eq.(12), is the generating functional for the amplitude with two indices "2". Moreover, the amplitudes with more than two indices "2" vanish. In the following, it is shown that this prescription generates a consistent set of n-point amplitudes in the R/A basis, and these obey the expected Ward identities.
Before addressing the case of the amplitudes with p ≪ gT , one needs to recall some general properties of the bases and their connection. In both bases, all momenta are incoming the n-point amplitudes, i.e. n l=1 p l = 0. The Keldysh basis is a rotated representation of the Closed-Time-Path representation [8] , the Keldysh indices are k i = 1, 2. In the R/A basis [7] , an incoming momentum may be of type R or of type A, its incoming energy is p 0 l + iǫ l , ǫ l > 0 type R, ǫ l < 0 type A with n l=1 p 0 l = 0 and n l=1 ǫ l = 0. The relations between the (amputated) n-point functions in the Keldysh basis and in the R/A basis were obtained in perturbation theory in Ref. [9] 
where k i = 1, 2 and α i = R, A. There exist different convenient choices in both bases. We follow Ref. [9] and choose
Then, the relations are Γ AA···A (p 1 , p 2 · · · p n ) = 0 = K 11···1 (p 1 , p 2 · · · p n ) (16)
and so on. Moreover, the R/A basis possesses an important complex conjugate relation [10, 11, 9] . With the choice of Eq.(14) and our conventions, it is N (p 1 · · · p l ) Γ(p 1A · · · p lA , p (l+1)R · · · p nR ) = (−1) n N (p l+1 · · · p n ) Γ * (p 1R · · · p lR , p (l+1)A · · · p nA )
where
in particular N (p) = 1, N (p i , p j ) = N(p i ) + N(p j ). For example,
i.e. the thermal weight are attached to the legs of type R, and the functions Γ RAA···A are the retarded amplitudes of the response approach.
Concentrating now on the case of the ultrasoft n-point amplitudes, a consistent approximation is obtained if one writes in Eqs. The relation (18) has an important interpretation. The retarded amplitudes K 211···1 is such that p 1 is always associated with the later time. The amplitude K 221···1 is such that X and Y (i.e. p 1 and p 2 ) are later and earlier times, or vice-versa. In relation (18), the terms that are present in K 221···1 cancel the terms from K 211···1 (T /p 0 2 ) such that p 2 is associated with the earlier time, and the terms from K 121···1 (T /p 0 1 ) where p 1 is associated with the earlier time. The resulting terms in Γ RRA···A are such that either p 1 or p 2 is associated with the later time, while neither p 1 nor p 2 corresponds to the earlier time, a feature expected from causality.
The constraint Γ RR = 0 gives the Keldysh component of the propagator
Explicit examples are
where (i ↔ j) means a term obtained by the exchange of all indices, i.e. momentum, Lorentz, colour.
The complex conjugate relation (20) imposes multiple consistency conditions which are now examined. The complex conjugation amounts to a time reversal of each string of operators, up to a sign (−1) n−1 . The constraint
is satisfied very simply by the operators' strings. In Γ RRA , p 3 is associated with the earlier time, as p 1 and p 2 cannot be, and this is also the case for the complex conjugate of Γ AAR (where p 3 is the later time). In a similar way
In Γ RRAA , p 1 or p 2 is the later time and neither of them is the earlier time. This time ordering is equivalent to the one of Γ * AARR , where p 3 or p 4 is the earlier time and neither of them is the later time.
Turning to relation (19), the constraint Γ RRR = 0 leads to the result K 222 = 0, and the constraint Γ RRRA = Γ * AAAR T 2 (
is obeyed with K 2221 = 0. Then, from Γ RRRR = 0 one deduces that K 2222 = 0. All the constraints on time ordering are satisfied with the vanishing of the amplitudes with three or more Keldysh indices "2". One can go to the 5-point functions and check that all the constraints from Eq.(20) are obeyed. The set of vertices in the R/A basis may be used in a perturbative expansion. For example, one-loop self-energy diagrams with loop momentum g 2 T ln 1/g are made either with a pair Γ RRA , Γ AAR , or with Γ RRAA [5] (a retarded propagator joins an A leg to an R leg, as it joins an outgoing p R (i.e. incoming (−p) A ) to an incoming p R ).
One now turns to the Ward identities which are satistied by the Keldysh amplitudes. They are a consequence of the gauge covariance of the Green function (6) and of the conservation laws resulting from Eq.(5), i.e.
